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Introduction
The theory about operators applied to functions has been very well developed. However, the study about operators applied to differential forms has just begun. The purpose of this paper is to establish the local and global imbedding inequalities with L ϕ -norms for the composition of the homotopy operator T and the potential operator P applied to differential forms. Specifically, we estimate the upper bound of the Orlicz-Sobolev-norm T(P(u)) -(T(P(u))) B W ,ϕ (B,∧ l ) in terms of the L ϕ -norm u L ϕ (σ B) , where σ >  is a constant, B is a ball, and u is a differential form satisfying the A-harmonic equation. We also establish the global imbedding theorems in the L ϕ -averaging domains and bounded domains, respectively. Differential forms and operators T and P are widely used not only in analysis and partial differential equations [-], but also in physics and potential analysis [-] . We all know that any differential form u can be decomposed as u = d(Tu) + T(du), where d is the differential operator, and T is the homotopy operator. In many situations, we need to estimate the composition of the homotopy operator T and the potential operator P. For example, when we consider the decomposition of P(u), we have to study the composition T • P of the homotopy operator T and the potential operator P. Our main results are presented and proved in Theorem ., Theorem . and Theorem ., respectively. We assume that is a bounded domain in R n , n ≥ , B and σ B are the balls with the same center and diam(σ B) = σ diam(B) throughout this paper. We do not distinguish the balls from cubes in this paper. We use |E| to denote the n-dimensional Lebesgue measure of a set E ⊆ R n . For a function u, the average of u over B is defined by u B = a differential k-form u(x) can be expressed as ∈ D ( , ∧ l ), where the partial differentiation is applied to the coefficients of ω. The nonlinear partial differential equation
for almost every x ∈ and all ξ ∈ ∧ l (R n ). Here a, b >  are constants, and  < p < ∞ is a fixed exponent associated with (.). A solution to (.) is an element of the Sobolev space W 
where the vector function ζ :
. . , n, and the decomposition 
Thus, the definition of the homotopy operator T can be generalized to any domain in R n : For any x ∈ , x ∈ Q k for some k. Let T Q k be the homotopy operator defined on Q k (each cube is bounded and convex). Thus, we can define the homotopy operator T on any domain by
Recently, Hui Bi extended the definition of the potential operator to the case of differential forms, see [] . For any differential l-form u(x), the potential operator P is defined by
where the kernel K(x, y) is a nonnegative measurable function defined for x = y, and the summation is over all ordered l-tuples I. The l =  case reduces to the usual potential operator,
for more results about the potential operator. We say a kernel K on R n × R n satisfies the standard estimates if there exist δ,  < δ ≤  and a constant C such that for all distinct points x and y in R n , and all z
In this paper, we always assume that P is the potential operator defined in (.) with the kernel K(x, y) satisfying condition (i) of the standard estimates. Recently, Hui Bi in [] proved the following inequality for the potential operator.
where u ∈ D (E, ∧ l ), l = , , . . . , n -, is a differential form defined in a bounded and convex domain E, and p >  is a constant.
Local imbedding inequalities
In this section, we prove the local L ϕ imbedding inequalities for T • P applied to solutions of the non-homogeneous A-harmonic equation in a bounded domain. We will need the following definitions and a notation. A continuously increasing function ϕ :
equipped with the nonlinear Luxemburg functional 
We say a Young function ϕ lies in the class
where g is a convex increasing function, and h is a concave increasing function on [, ∞).
From []
, each of ϕ, g and h in above definition is doubling in the sense that its values at t and t are uniformly comparable for all t > , and the consequent fact that
where C  and C  are constants. Also, for all  ≤ p  < p < p  and α ∈ R, the function
Here log + (t) is defined by log + (t) =  for t ≤ e; and log + (t) = log(t) for t > e. Particularly, if α = , we see that
We will need the following reverse Hölder inequality.
Lemma . [] Let u be a solution of the non-homogeneous A-harmonic equation (.) in a domain and  < s, t < ∞. Then there exists a constant C, independent of u, such that
for all balls B with σ B ⊂ for some σ > .
We first prove the following local inequality for the composition T • P with the L ϕ -norm. 
Theorem . Let ϕ be a Young function in the class
for all balls B with σ B ⊂ .
Using (.) and noticing u B q,B ≤ C  u q,B for any differential form, it follows that
for q > , Replacing u by T(P(u)) in (.) and using (.) and (.), we obtain
for any differential form u and all balls B with B ⊂ . From Lemma ., for any positive numbers p and q, it follows that
where σ is a constant σ > . Using Jensen's inequality for
nition ., and noticing the fact that ϕ and h are doubling, and ϕ is an increasing function, we obtain
. Hence, we have |B|
Combining (.) and (.) and using |B|
Since each of ϕ, g and h in Definition . is doubling, from (.), we havê
for all balls B with σ B ⊂ and any constant λ > . From (.) and the last inequality, we have the following inequality with the Luxemburg norm
The proof of Theorem . has been completed.
In order to prove our main local imbedding theorem, we will need the following Theorems . and .. 
Proof Using (.), we have
for any differential form u and q > . Using (.) and the fact that d(Tu) = u B , and noticing that
holds for any differential form u, we obtain
for all balls B with B ⊂ . From (.) and (.), it follows that
By Lemma ., for any positive numbers p and q, it follows that
where σ is a constant σ > . Using Jensen's inequality for h - , (.), (.), (.), (i) in Definition ., and noticing the fact that ϕ and h are doubling, and ϕ is an increasing function, we obtain
> . Hence, we have
Note that ϕ is doubling, we obtain
Combining (.) and (.) yieldŝ
Since each of ϕ, g and h in Definition . is doubling, from (.), we havê
for all balls B with σ B ⊂ and any constant λ > . From (.) and (.), we have the following inequality with the Luxemburg norm
The proof of Theorem . has been completed.
Theorem . Let ϕ be a Young function in the class G(p, q, C),  ≤ p < q < ∞, C ≥ , let be a bounded and convex domain, let T be the homotopy operator defined in (.), and let P be the potential operator defined in (.) with the kernel K(x, y) satisfying condition (i) of the standard estimates. Assume that ϕ(|u|) ∈ L  loc ( ), and u is a solution of the nonhomogeneous A-harmonic equation (.) in . Then there exists a constant C, independent of u, such that
Proof Replacing u by d(T(P(u))
) in the first inequality in (.), we find that
holds for any differential form u and q > . From (.), we have
Combining (.) and (.) yields
for all balls B with B ⊂ . Starting with (.) and using the similar method as we did in the proof of Theorem ., we can obtain
The proof of Theorem . has been completed. Now, we are ready to present and prove the main local theorem, the L ϕ -imbedding theorem, as follows. http://www.journalofinequalitiesandapplications.com/content/2013/1/544
Theorem . Let ϕ be a Young function in the class G(p, q, C),  ≤ p < q < ∞, C ≥ , let be a bounded and convex domain, let T be the homotopy operator defined in (.), and let P be the potential operator defined in (.) with the kernel K(x, y) satisfying condition (i) of the standard estimates. Assume that ϕ(|u|) ∈ L  loc ( ), and u is a solution of the nonhomogeneous A-harmonic equation (.) in . Then there exists a constant C, independent of u, such that T P(u) -T P(u) B W
Proof From (.), (.) and (.), we have
for all balls B with σ B ⊂ , where σ = max{σ  , σ  }. The proof of Theorem . has been completed.
The following version of local imbedding will be used in Section  to establish a global imbedding theorem which indicates that the operator T • P is bounded. 
Theorem . Let ϕ be a Young function in the class
Proof Applying (.) to P(u), then using (.), we find that 
respectively, where σ  and σ  are constants. From (.), (.) and (.), we have
where 
Corollary . Let ϕ(t) =
t p log α + t, p ≥  and α ∈ R. Assume that ϕ(|u|) ∈ L  loc ( ),
and u is a solution of the non-homogeneous A-harmonic equation (.). Then there exists a constant C, independent of u such that T P(u) -T P(u) B W ,t p log
for all balls B with σ B ⊂ , where σ >  is a constant.
Selecting ϕ(t) = t p in Theorem ., we obtain the usual imbedding inequalities T • P with the L p -norms.
for all balls B with σ B ⊂ , where σ >  is a constant. Similarly, if we choose ϕ(t) = t p log α + t or ϕ(t) = t p in Theorems ., ., . and ., respectively, we will obtain the corresponding special results.
Global imbedding theorem
We have established the local L ϕ -norm and L ϕ -imbedding inequalities for T • P and some composite operators related to the imbedding theorem for T • P. In this section, we prove the global L ϕ -imbedding theorem in the following L ϕ -averaging domains. Now, we are ready to prove another main theorem, the global imbedding theorem with the L ϕ -norm, as follows. 
Theorem . Let ϕ be a Young function in the class
where B  ⊂ is some fixed ball.
Applying the first inequality in (.) to P(v), we have
for any ball B and q > . Starting from (.), and using the similar method to the proof of Theorem ., we obtain
where σ >  is a constant. From the covering lemma and (.), it follows that
where N is a positive integer appearing in the covering lemma. Letting u = T(P(v)) and using (.), we find that
From (.), (.) and (.), we have
We have completed the proof of Theorem .. 
Choosing ϕ(t) = t p log α + t in Theorems ., we obtain the following imbedding inequality with the 
Next, let S be the set of all solutions of the non-homogeneous A-harmonic equation in . We have the following version of imbedding theorem with L ϕ norm for any bounded domain, which says that the composite operator 
Theorem . Let ϕ be a Young function in the class
Hence, inequality (.) holds. We have completed the proof of Theorem .. 
holds for any bounded domain .
Examples
In this last section, we will present two examples to show applications of our imbedding theorems. All of our local and global inequalities work for these two examples. We should note that functions are -forms. Thus, all of our theorems proved in this paper will work for harmonic functions. 
Remark (i) We know that the L s -averaging domains are the special L ϕ -averaging domains.
Thus, Theorem . also holds for the L s -averaging domain;
(ii) Theorem . holds for any bounded domain in R n .
